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1. Introduction We aim to present some ideas from the lower bound
technique. The lower bound technique is a useful tool in the ergodic theory of
Markov processes. It has been used by Doeblin, see [1], to show mixing of a
Markov chain whose transition probabilities possess a uniform lower bound.
A somewhat different approach, relying on the analysis of the operator dual
to the transition probability, has been applied by A. Lasota and J. Yorke, see
e.g. [ 1]. For example in [13] they show that the existence of a lower bound for
the iterates of the Frobenius—Perron operator, which corresponds to a piece-
wise monotonic transformation of the unit interval, implies the existence of
a stationary distribution for the deterministic Markov chain describing the
iterates of the transformation. In fact, the invariant measure is then unique
in the class of measures that are absolutely continuous with respect to the
one dimensional Lebesgue measure, and statistically stable, i.e. the law of
the chain, starting with any initial distribution that is absolutely continu-
ous, converges to an invariant measure in the total variation metric. This
technique has been extended to more general Markov chains, including those
corresponding to iterated function systems, see e.g. [11]. However, most of
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the existing results are formulated for Markov chains taking values in some
finite dimensional spaces, see e.g. [22] for a review of the topic. This assump-
tion is very restrictive since many applications we have in mind are defined
in infinitely dimensional spaces (e.g. function spaces in the case of stochastic
partial differential equations).

Generally speaking, the lower bound technique consists of deriving ergodic
properties of the Markov process from the fact that there exists a ”small” set
in the state space, e.g. it could be compact, such that the time averages of
the mass of the process are concentrated on that set for all sufficiently large
times. If this set is compact, one can conclude the existence of an invariant
probability measure with not much difficulty, e.g. by the so-called Krylov—
Bogolubov theorem (see [11]).

The question of extending the lower bound technique to Markov processes
taking values in Polish spaces that are not locally compact is quite a delicate
matter. We stress here that to prove the existence of a stationary measure,
it is not sufficient to derive a lower bound on the transition probability over
some “thin” set. One can show, see the counterexample provided in [16], that
even if the mass of the process, contained in any neighbourhood of a given
point, is separated from zero for all times, an invariant measure may fail to
exist. Therefore, we have introduced the concept of so-called e—chains and e—
processes (see [12,16]). A Markov process (®;);>0 on some Polish space (X, p)
with the corresponding Markov semigroup (7!);>o satisfies the e-property
(and consequently is an e-process) if for any bounded Lipschitz function
¥+ X — R the family (U)o corresponding to (®;)¢>0 is equicontinuous.

In literature we may find a lot of processes with this property that have
been intensively studied recently (see for instance [7-9, 18,20, 21]). For e-
processes we are able to formulate criteria for the existence of an invariant
measure and its stability. These criteria will be presented in Section 2. Sec-
tion 3 presents some applications of these general results in the theory of it-
erated function systems (IFS’s) and stochastic partial differential equations
(SPDE’s).

2. Markov operators and semigroups of Markov operators

Let (X, p) be a complete and separable metric space and let ® = (®,,),,>1
be a discrete-time Markov chain on X. By B(X) we denote the space of
all Borel sets. Let m(x, A) be a transition function defined for x € X and
A € B(X). Feller’s property means that the function x — 7 (z, O) is lower
semicontinuous for all open sets O. Alternatively, we can say that

C(X) 3 f() = UL = [ f@m(dy) € Ox),

where C(X) denotes the space of all bounded continuous functions on X
equipped with the supremum norm.
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We are interested in the existence of an invariant probability measure for
®. A Borel measure p, is called invariant if

p(A) = Pu(A) = [ m(a, Au(da)
for A € B(X).

By M and M; we shall denote the space of all bounded Borel measures
and normed Borel measures, respectively. Let i be an arbitrary Borel mea-
sure. We define the support of the measure . € M by setting

suppp = {x € X : u(B(x,e)) > 0 for every ¢ > 0}.

Let £ C M;j. The family £ is called tight if for any € > 0 there is a
compact set K C X such that

wK)>1—¢ for all p € L.

In order to establish the existence of an invariant measure and stability,
we introduce the following condition:

(€) There exists z € X such that for every open set O containing z

1
lim sup (n Zwl(sc, O)) >0 for some z € X. (2.1)
i=1

n—oo
Here 7* denotes the i-th iterate of the transition function 7, i.e.

72(z, A) :/ m(z,dy)w(y, A) and 7""l(z, A) :/ 7" (z,dy)m(y, A) for n > 1,
X X

and z € X and A € B(X).

THEOREM 2.1 (ref. [16]) Let m: X x B(X) — [0, 1] be a transition function
for a discrete—time Markov chain ® with the Feller property and assume
that condition (€) holds for some z € X. If {U"f: n € N} is equicontinuous
in z for every Lipschitz continuous function f, then ® admits an invariant
probability measure.

Since the proof is very characteristic to proofs we meet using the lower
bound technique, we provide it here.

PRrROOF It suffices to show that for every € > 0 there exists a compact set
K C X such that
liminf 7" (2, K¢) > 1 —¢, (2.2)

n—oo
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where K¢ = {z € X :inf ek p(x,y) < e}. This, in conjunction with Theorem
2.2 in [0], tells us that the measures {7"(z,-) : n € N} are tight. Therefore, the
Cesaro averages are weakly precompact by the Prokhorov theorem (see [(]).
Note that any weak limit of the Cesaro averages is invariant.

Assume, contrary to our claim, that (2.2) does not hold for some € > 0.
By Ulam’s lemma (see [2]) there exist a sequence of compact sets (K;)i>1
and a sequence of integers (g;);>1 satisfying

wli(z, K;) > €
and
min{p(z,y) :z € K;,y € K;} >¢/3 fori,jeN, i#j. (2.3)
We first show that for every open set O containing z and j € N there
exist y € O and i > j such that
i (y, K1) < /2.

On the contrary, suppose that there exist an open set O’ containing z and
19 € N such that

inf{n%(y, K;'*) 1y € O', i >0} >¢/2. (2.4)

Let x € X be such that condition (2.1) holds with O in place of O. Let a > 0

be such that
1<
1' - 7 /
im sup (n i:E 17r (xz,0 )) > o

n—oo

By (2.3), (2.4) and the Chapman-Kolmogorov equation we obtain

N
lim sup — Zﬂ' (a:, U Kj/w) > (N —ig)ae/2

n—oo N S
J=10

for every N > 1o, which is impossible.

Now we will define by induction a sequence of Lipschitz continuous func-
tions (fn)n>1 , a sequence of points (Yn)n>1, Yn — 2 as n — oo, and three
increasing sequences of integers (in)n>1, (kn)n>1, (Mn)n>1, tnt1 > kn > in
for n € N, such that

f~n|Kin =1 and 0< fn < 1K§/127 (2.5)
T Z — U™ (Y fi)(yn)| > /4 (2.6)
=1 =1

and

o0
' (u, U Kf/lz) <e/16 foru=z, y,, neN. (2.7)
i=knp
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Let n = 1. From what has already been proved, it follows that there exist
y1 € B(z,1) and i; € N such that

w1 (yy, K% < ¢/2.

71

Set my = ¢;, and let k1 > i; be such that

(o]

™|, U Kf/u <e/16 foru=z, y;.

i=k1

Let fi be an arbitrary Lipschitz function satisfying
.]El|Ki1 =1 and nglglKg/lz. (2.8)
i1
Thus
U™ fi(z) = U™ fulyn)] > P™ (2, Ky) = P™ (1, K ') > 2/2.

If n > 2 is fixed and fi,..., foe1; Y1, Yn—1; Ty 0n-1; Ki,- s kn_1;
mi,...,M,_1 are given, we choose ¢ < n~! such that

n—1 n—1
|Um (z f) (5)— U™ (z f) )
i=1 =1

for y € B(z,0) and m € N. Similarly, as in the first part, we may choose
Yn € B(z,0) and i,, > k,_1 such that

<e/8 (2.9)

wlin (g, K12

in

) <¢e/2.

Set m,, = ¢;, and let fn be an arbitrary Lipschitz function satisfying condition
(2.5). Let ky, > iy, be such that

(o]
' (u, U Kf/m) <e/16 foru =z, y,.

i=kn

From this, (2.9) and the definition of f,, we have
o (28] @ -0 (4]
i=1 i=1
> U™ fuz) = U™ Falya)

n—1
Umn(§3ﬁ><@vmn(
i=1

>e/2—¢/8 >¢/4.

n—1

fn> (yn)

=1
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We now define f = 32%°, f;. By (2.3) and (2.5) f is a Lipschitz continuous
function and ||f|lcc < 1. Finally, by (2.6) and (2.7) we have

U™ f(2) — U™ f(yn)| > /8  forneN

and since y,, — z as n — 00, this contradicts the assumption that {U"f: n €
N} is equicontinuous in z. ™

Let ® = (®4);>0 be a time-homogeneous Markov process on X. Let
(m")¢=0 be the semigroup of transition functions corresponding to ®. Anal-
ogously to the discrete case, we say that ® satisfies the Feller property if
the function

z — 7'(z,0)

is lower semicontinuous for all open sets O and t > 0. Alternatively, we can
say that the semigroup (U');>¢ satisfies U'f € C(X) for f € C(X), t > 0,
where

/f Y(z,dy) forxz € X andt > 0.

Let (P')¢>0 denote the Markov semigroup on M (dual to (U')¢>g) given
by the formula:

/UtlA (dy) for Ae B(X),pe Mandt>0

Obviously P4, (A) = n'(x, A) for z € X, A € B(X) and t > 0. Therefore,
when it does not lead to a contradiction, (P);>o will be also called the
transition semigroup.

A measure u, € M is called invariant for ® if Ptu* = . for all t > 0.
By ”w-lim” we shall denote the limit in the sense of weak convergence of
measures. We say that ® is asymptotically stable if there exists an invariant
measure s € My such that

w-lim Pty = p,  for any v € M.

t—o00

The family (U');>g is called equicontinuous if for every bounded Lips-
chitzian function f, the family of functions {U'f : ¢t > 0} is equicontinuous
on compact sets.

In order to establish the existence of an invariant measure, we may intro-
duce the following condition:

(1) There exists a compact set F' C X having the following property: for
every open neighbourhood U of F there exists x € X such that

1 gt
lim sup (t/ Ws(x,U)ds> > 0. (2.10)
0

t—o00

The next theorem is an extension of Theorem 2.1 to continuous—time
Markov processes.
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THEOREM 2.2 (ref. [12]) Let (7')¢>o be the semigroup of transition func-
tions corresponding to a Markov process ® which satisfies the Feller property.
Assume that condition (&) holds. If (U?);> is equicontinuous, then ® admits
an invariant probability measure.

For a given ¢t > 0 and p € M define Q'p :=t~! fg Psuds. When t = 0,
we adopt the convention Q°u := p. We also write Q'(x,-) in the particular
case when u = d,. Let

T := {x € X : the family of measures (Qt(x, -))t>0

=

is tight } (2.11)

In [10] we proved that if the family (U%);>0 is equicontinuous, then any
invariant measure p, satisfies supp pu. C 7.

In the same spirit as in the case of Theorem 2.3, we prove the following
theorem.

THEOREM 2.3 (ref. [10,16]) Let (7');>o be the semigroup of transition
functions corresponding to a Markov process ® which satisfies the Feller
property. Let (U');>0 be equicontinuous. Assume that condition (£;) holds
with F' = {z} and let . € M; be its invariant measure. Assume also that
litminf 7'(z,B(z,7)) >0 for any r > 0. (2.12)
—00
Then
w-lim P'v = p, (2.13)
t—o00

for any v € M that is supported in 7.
If we replace condition (2.12) with the stronger condition

inf liminf 7' (x, (B(z,7)) >0 for any r > 0, (2.14)

zeX t—oo

then @ is asymptotically stable.

3. Iterated Function Systems We are given a sequence of continuous
transformations

Si: X - X fori=1,...,N (3.1)

and a probabilistic vector (p1(x),...,pn(z)), z € X, i.e.,
N
pi(z) >0 and sz(fﬁ) =1 forzxe X.
i=1

We assume that p;, ¢ = 1,..., N, are also continuous functions. The pair of
sequences (S,p) = (S1,...,SN;p1,...,pN) is called an Iterated Function
System (IFS).



192 Lower bound technique...

Now we present an imprecise description of the process considered in
this section. Choose z¢y € X. If an initial point xq is chosen, we randomly
select an integer from the set {1,..., N} in such a way that the probability
of choosing k is pg(zo), ¥ = 1,..., N. When the number ky is drawn we
define x; = Sk, (xo). Having z1, we select k; according to the distribution
pi(x1),...,pn(x1) and we define zo = Sk, (z1) and so on. Denoting by fin,
n=0,1,..., the distribution of x,, i.e., u,(A) = Prob(z,, € A) for A € B(X),
we define P as the transition operator such that u, = Pu,—1 for n € N.

The above procedure can be formalized and we may easily show that the
transition operator for the given IFSis of the form:

N
A) = Zpi(x)lA(Si(x)) for any z € X and A € B(X). (3.2)
Therefore,

Z/ p(dx) for A € B(X) (3.3)

and

N
= Zpi(x)f(Si(:c)) for z € X. (3.4)

Since Uf € C(X) for f € C(X), the Markov chain corresponding to the
Iterated Function System satisfies the Feller property.
Let the iterated function system (S, p)y satisfy

Z pi(z) = pi(y)| S w(p(z,y)) forz,y e X, (3.5)
and
N
> pi(@)p(Si(x), Si(y)) < rpla,y) for z,y € X with r < 1. (3.6)
i=1

We will assume that w : Ry — R is continuous, nondecreasing and concave.
Moreover w(0) = 0. If we assume also that

€ wl(t
/ wi)dt < 00 for some ¢ > 0,
0

then we will say that it satisfies the Dini condition.
From the Dini condition it follows that for any ¢ < 1

[e.9]

x“_{%o > w(cp(x,20)) = 0. (3.7)
n=1
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On the other hand, easy computation shows that

U™ f(x) -U Z rp(z,y))

=1

for n > 1 and any Lipschitz function f with the Lipschitz constant L, and
consequently {U"f : n > 1} is equicontinuous, by (3.7).

The proof of stability for Markov chains corresponding to Iterated Func-
tion Systems satisfying (3.5), (3.6) and the Dini condition was given by Barns-
ley et al. in [1] (see also Lasota and Yorke in [14]) in the case when the state
space X is finitely dimensional. Their proof may be extended to infinitely
dimensional spaces if we know that the chain has an invariant measure. The
existence of an invariant measure follows, however, from Theorem 2.1, since
the sequence {U"f : n > 1} is equicontinuous (see also [17]). It is worth
mentioning here that the Dini condition is essential for stability. We may
formulate the following theorem.

THEOREM 3.1 Let an iterated function system (S, p) satisfy (3.5), (3.6) and
the Dini condition. If

sz ) >0 for z,y € X,

where the summation is taken over all 7 € {1,..., N} such that p(S;(z), S;(y)) <
rp(x,y), then the Markov chain corresponding to (S, p) is asymptotically sta-
ble.

4. Stochastic partial differential equations
Using Theorem 2.3, we may establish the existence of an invariant mea-
sure and stability for the family defined by a stochastic evolution equation
of the form
dZ(t) = (AZ(t) + F(Z(t)))dt + RAW (¢). (4.1)

Here we assume that X is a real separable Hilbert space, A is the generator of
a Cp-semigroup S = (S(t))i=0 acting on X, F' is a mapping (not necessarily
continuous) from D(F) C X to X, R is a bounded linear operator from an-
other Hilbert space H to X', and W = (W (t))+>0 is a cylindrical Wiener pro-
cess on ‘H defined over a certain filtered probability space (£, F, (F¢)i>0, P).

Let Zp be an Fy-measurable random variable. By a solution of (4.1) start-
ing from Zy we mean a solution to the stochastic integral equation of the
following form (a so called mild solution)

Z(t) = 5(t)Zo + /0 "S(t— s)F(Z(s))ds + /0 "S(t—s)RAW(s),  t>0,

see e.g. [3], where the stochastic integral appearing on the right hand side is
understood in the sense of 1td6. We suppose that for every z € X there is a
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unique mild solution Z% = (Z} )0 of (4.1) starting from z, and that (4.1)
defines in this way a Markov family. The corresponding semigroup is given
by Ul (z) = E(Z*(t)), t > 0, ¢ € Bp(X), x € X. We assume that it is
Feller.

A function ®: X — [0,400) will be called a Lyapunov function, if it
is measurable and
O(z) = oo.

[l x —o0

We shall assume that the deterministic equation

dY(t

di) =AY (t) + F(Y (1)), Y(0) =2 (4.2)
defines a continuous semi-dynamical system, i.e. for each = € X there exists
a unique continuous solution to (4.2) that we denote by Y* = (Y*(¢t), t > 0)
and for a given t the mapping = +— Y*(t) is measurable. Furthermore, we
have YY" ®)(s) = Y*(t 4 ) for all t,s > 0 and = € X.

A set K C X is called a global attractor for equation (4.2) if

e it is invariant under the semi-dynamical system generated by (4.2), i.e.
Y*(t) e K, t >0 for any x € K,

e for any €, R > 0 there exists T such that Y*(¢t) € K+eB(0,1) fort > T
and ||z||x < R.

The family (Z*(t))i>0, * € X, is stochastically stable if for every

e, R, t>0
inf P (||Z°(t) — Y*(t <eg)>0. 4.3
it P20 - Y@l <) (4.3

We derive from Theorem 2.3 the following result concerning the stability
of Z.

THEOREM 4.1 (ref. [18]) Assume that:

e the semi-dynamical system (Y*(t), t > 0) defined by (4.2) possesses a
global attractor K

e there exists a certain Lyapunov function ® such that

supE®(Z*(t)) < oo for any z € X,
>0

o the family (Z%(t))i>0, ¢ € X, is stochastically stable and its semigroup
{U% : t > 0} is equicontinuous for any Lipschitz function ¢.

Then, the corresponding transition semigroup (P;);>o admits an invariant
measure. Moreover, if the attractor K is a singleton, then (P;);>¢ is asymp-
totically stable.
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Metoda miary dolnej i jej zastosowanie w teorii iterowanych
systeméw funkcyjnych i stochastycznych réwnan rézniczkowych
Tomasz Szarek

Streszczenie W pracy formulujemy kryteria dla istnienia miary niezmienniczej dla
tancuchéw i proceséw Markowa. Nastepnie pokazujemy ich uzytecznosé w teorii ite-
rowanych ukladéw funkcyjnych i stochastycznych réwnan rézniczkowych.

2010 Klasyfikacja tematyczna AMS (2010): 60J25, 60G51.

Slowa kluczowe: Ergodyczno$é, rodziny Markowa, miara niezmiennicza, iterowane
systemy funkcji, stochastyczne réwnania rézniczkowe.

1. Wprowadzenie Celem pracy jest przyblizenie techniki miar dolnych
w teorii ergodycznej procesow Markowa. Technika ta uzywana byla przez
Doeblina (patrz [1]) w celu pokazania wlasno$ci mieszania tancucha Mar-
kowa, ktorego prawdopodobienstwa przejscia sa jednostajnie ograniczone z
dotu. Jest to inna technika niz ta oparta na analizie operatora dualnego
do prawdopodobienstw przejscia, stosowana przez Lasote i Yorke’a (patrz
np. citelasota-mackey). Przyktadowo, w [13] pokazali, Ze istnienie dolnego
ograniczenia dla iteracji operatora Frobeniusa—Perrona, co odpowiada prze-
dzialowej monotonicznej transformacji przedziatu jednostkowego, implikuje
istnienie rozkladu stacjonarnego dla deterministycznego tancucha Markowa
opisujacego iteracje przeksztatcenia. W rzeczywistoéci miara niezmiennicza
jest jedyna w klasie miar absolutnie ciaglych wzgledem jednowymiarowej
miary Lebesque’a i statystycznie stabilna, tzn. rozklad jednowymiarowy, je-
§li rozktad poczatkowy jest absolutnie ciagly, dazy do miary niezmienniczej w
metryce catkowitej wariacji miary. Technika ta zostala rozszerzona na ogol-
niejsze lancuchy Markowa, wlaczajac te zwigzane z systemami funkcji ite-
rowanych (patrz np. [11]). Jednakze, wigkszo$¢ rezultatéow zostata sformulo-
wana dla tancuchéw Markowa o wartosciach w pewnych skonczenie wymiaro-
wych przestrzeniach (wiecej szczegdléw mozna znalezé w artykule przeglado-
wym [22]). To zalozenie jest bardzo zawezajace poniewaz wiele zastosowan,
ktore chcemy objaé, jest z wykorzystaniem przestrzeni nieskoficzenie wymia-
rowych (chocby pewne przestrzenie funkcyjne w przypadku stochastycznych
réwnan rézniczkowych czastkowych).

W literaturze mozna znalez¢ duzo proceséow o tej wlasnosci intensywnie
badanych w ostatnim okresie (patrz np. [7-9,18,20,21]). Dla e-proceséw mo-
zemy sformutowaé kryteria istnienia miar niezmienniczych i ich stabilnosci.
Takie kryteria zaprezentowano w rozdziale 77. Section 3 przybliza pewne
zastosowania uzyskanych rezultatéw w teorii systemow funkcji iterowanych
(IFS’s) oraz stochastycznych réwnan réznicznkowych o pochodnych czast-
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kowych (SPDE’s).
2. Operatory Markowa i pétgrupa operatoré6 markowskich

3. System Iterated Function Systems Dany jest ciag przeksztalcen
ciaglych (3.1) oraz wektor probabilistyczny (p1(z),...,pn(x)) zalezny od x €
X. Zakladamy, ze p;, i = 1,..., N sa ciagle na X. Pare ciagbéw funkcji (S, p) =
(S1,...,SN;p1,--.,pN) nazywamy iteracyjnym systemem funkcji (IFS).

Rozwazamy procedure ktéra nieprecyzyjnie mozna opisa¢ nastepujaco.
Wybieramy xy € X oraz liczbe catkowita z {1,..., N} zgodnie z rozkla-
dem pg(zo), k = 1,..., N, a nastepnie definiujemy z; = Sk, (z9). Wyko-
rzystujac z1 wynieramy k; zgodnie z rozkladem {p;(z1)}Y; o definiujemy
x9 = Sk, (x1), itd. Niech p,, n =0,1,... bedzie rozkladem x,,, tzn. p,(A) =
Prob(z, € A) gdy A € B(X). Definiujemy operator przejscia P formula
n = Ppp—1 dlan € N.

Po sformalizowaniu tej procedury mozna udowodonié, ze operator przej-
Scia zadany przez IF'S ma posta¢ (3.2) i mamy (3.3) oraz (3.4). Poniewaz
Uf € C(X) dla f € C(X), stad tancuch Markowa odpowiadajacy IFS ma
wlasnosé Fellera.

4. Stochastyczne réwnania rézniczkowe o pochodnych czastko-
wych Wykorzystujac Twierdzenie 2.3 mozemy uzasadnié¢ istnienie miary
niezmienniczej oraz stabilnos¢ dla rodziny definiowanej ewolucja stochastyczng
(4.1).
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